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Abstract 

We study the implications of a large v^-v T mixing angle on flavour changing 
transitions of quarks and leptons in super symmetric extensions of the standard 
model. Two patterns of supersymmetry breaking are considered, models with mod- 
ular invariance and the standard scenario of universal soft breaking terms at the 
GUT scale. The analysis is performed for two symmetry groups G ® U(l)p, with 
G = SU(5) and G = SU(3) 3 , where U(1)f is a family symmetry. Models with 
modular invariance are in agreement with observations only for restricted scalar 
quark and gaugino masses, M q /rri~ ~ 7/9 and > 350 GeV. A characteristic 
feature of models with large tan (3 and radiatively induced flavour mixing is a large 
branching ratio for /i — * erf. For both symmetry groups and for the considered 
range of supersymmetry breaking mass parameters we find BR(// — ► erf) > 10~ 14 . 
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1 Introduction 



The recently reported atmospheric neutrino anomaly |T|] can be interpreted as a mani- 
festation of neutrino oscillations with a large — v T mixing angle. The smallness of the 
corresponding neutrino masses is naturally explained by the seesaw mechanism |2|, which 
leads to the prediction of heavy Majorana neutrinos with masses close to the unification 
scale A GUT . 

A Vp — v T mixing angle, which is large compared to the Cabbibo angle, requires an 
explanation within a unified theory of leptons and quarks. An attractive class of models 
for lepton and quark mass matrices is based on the symmetries G ® U(1)f, where G is a 
unified gauge group and U(1)f is a family symmetry 0-0. The large neutrino mixing 
angle can then be explained either by a non-parallel family structure of chiral charges ||, 
or by a parametrically large flavour mixing ||. Both possibilites are phenomenologically 
viable and can also account for the cosmological baryon asymmetry by means of heavy 
Majorana neutrino decays [f|J. 

The large hierarchy between the electroweak scale and the unification scale, and 
now also the mass scale of the heavy Majorana neutrinos, motivates supersymmetric 
extensions of the standard model [§] . This is further supported by the observed unification 
of gauge couplings. The least understood aspect of the supersymmetric standard model 
is the mechanism of supersymmetry breaking and the corresponding structure of soft 
supersymmetry breaking masses and couplings. 

Constraints from rare processes severely restrict the allowed pattern of supersymme- 
try breaking §J-[11|. In the standard scenario with universal soft breaking terms at the 
GUT scale radiative corrections induce flavour mixing at the electroweak scale. Alterna- 
tively, an interesting class of models with modular invariance |12j predicts non-universal 
soft breaking terms at the GUT scale at tree level. In models with a U(1)f family sym- 
metry the structure of these mass matrices is determined by the chiral charges of quarks 



and leptons [13| . 

Flavour changing hadronic processes have been studied for models with radiative 
flavour mixing as well as for models with modular invariance fly], [13| . Particularly in- 
teresting processes are lepton flavour changing radiative transitions [|14|-|f20|. Here large 
Yukawa couplings or flavour changing tree level scalar mass terms can lead to predictions 
for branching ratios comparable to the present experimental limits. The dependence on 
the underlying flavour symmetry has been studied in fT6|-|19||. 



In this paper we extend the analysis of [17]. We shall compare two symmetry groups, 
SU(5) (g> U(l)p and SU(3) 3 ® U(1)f, both with radiatively induced flavour mixing and 
with modular invariance, respectively. In Sec. 2 we present Yukawa couplings and scalar 
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mass matrices. Sec. 3 deals with quark flavour changing processes, and in Sec. 4 flavour 
changing radiative transitions are discussed, leading to the conlusions in Sec. 5. 

2 Patterns of supersymmetry breaking 
2.1 Yukawa couplings and scalar masses 

We consider the super symmetric standard model with right-handed neutrinos, which is 
described by the superpotential 



Here i, j = 1 . . .3 are generation indices; the superfields E c , L = (N, E), N c contain the 
leptons e c R , v ri respectively, and the superfields U c , Q = (U,D), D c contain 

the quarks u c R , (ul,cIl), d c R . The expectation values of the Higgs multiplets Hi and H 2 
generate ordinary Dirac masses of quarks and leptons, and the expectation value of the 
singlet Higgs field R yields the Majorana mass matrix of the right-handed neutrinos. 

In the following discussion the scalar masses will play a crucial role. They are deter- 
mined by the superpotential and the soft breaking terms, 



Lsoft = -(m^ijLlLj - {m\) l3 EiE] - {m 2 q ) i3 Q\Q 3 - {m 2 d ) i3 Df D] - {m 2 u ) l3 UfU c 3 

+A eij E c l L 3 Hi + A ui3 NfL 3 H 2 + A dl3 QiD)Hi + A ulj Q t U c 3 H 2 + c.c. + • • • , (2) 



where L = (N L , E L ), E c = E* R , Q = (U L , D L ), D c = D* R , and U c = U* R denote the scalar 
partners of (z/l,^), e c R , (ul,cIl), d c R and u c R , respectively. Using the seesaw mechanism 
to explain the smallness of neutrino masses, we assume that the right-handed neutrino 
masses M are much larger than the Fermi scale v. One then easily verifies that all 
mixing effects on light scalar masses caused by the right-handed neutrinos and their 
scalar partners are suppressed by 0(v/M), and therefore negligable. 

The scalar mass terms are then given by 



W = ^HiH 2 + h ei3 E c t L 3 Hi + h Vl3 N^L 3 H 2 + hi ri3 N^N c 3 R 
+hdi 3 QiD c J Hi + h uij QiUjH 2 . 



(1) 



= -E ] MlE - Nlm 2 N L - D ] M 2 d D - C/ t M 2 U , 



(3) 



where M 2 



is the mass matrix of the scalar fields E = (El, E r ), 





3 



M 2 d is the mass matrix of the scalar fields D = (Dl, Dr), 



and M 2 is the mass matrix of the scalar fields U = (Ul, Ur) 



i ( ML Ml LR 
M 2 uRL M 2 uR 



m\ + v 2 2 h* u hl v 2 A* u + iivjhl 



(6) 



According to the Froggatt-Nielsen mechanism || the hierarchies among the various 
Yukawa couplings are related to a spontaneously broken XJ(1)f generation symmetry. 
The Yukawa couplings arise from non-renormalizable interactions after a gauge singlet 
field (ft aquires a vacuum expectation value, 

Here are couplings 0(1) and A, are the U(l) charges of the various superfields with 
— — 1. The interaction scale A is expected to be very large, A > A GUT . 

For G = SU(5), quarks and leptons are grouped into the multiplets 10 = (g L , u c R , e c R ), 
5* = (d c R , II) and 1 = v c R . The phenomenology of quark and lepton mass matrices can 
be accounted for assuming 




(8) 

The corresponding U(l)p charges are given in Tab. p] The same charge assignment 
to the lepton doublets of the second and third generation leads to a large — v T mixing 
angle 0. As in all SU(5) GUTs the difference between the down-quark mass hierarchy 
and the charged lepton mass hierarchy has to be explained by some additional mechanism 
2"4|. In the following we choose a = 0, i.e. the case of large down-quark and charged 



tpi 


io 3 


10 2 


10! 


5*3 


5*2 


5*i I3 I2 li 







1 


2 


a 


a 


a + 1 1-a 2 - a 



Table 1: U(1)f charges for quarks and leptons; G = SU(5), a=0 or 1. 



lepton Yukawa couplings which corresponds to tan/? ~ 1/e. The case a = 1 leads to 
significantly smaller rates for flavour changing processes. For lepton flavour changing 



radiative transitions this case has been discussed in 17 
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The Yukawa matrices corresponding to the charges in Tab. p] have the structure 





/ e 3 e 2 e 2 ^ 




f e 4 e 3 e 2 ^ 




hd ~ h e ~ hp ~ 


e 2 e e 




e 3 e 2 e 


(9) 








U 2 6 1 j 





The difference between the Yukawa matrices h u and yields the CKM matrix, 

/ 1 — 2 

VCKM ~ 



e e~\ 



V e 



e 1 e 

2 



(10) 



1 / 



which is very close to the measured CKM matrix. The largest factors 0(1) are needed 
for V us and V cd , since (K 



us / cxp 



4e. 



For G = SU(3) 3 , quarks and leptons are assigned to different multiplets: L = 
(II, e c R , u R , . . .), Q L = {c[Li ■ ■ •) and Q R = (u c R , d c R , . . .). A successful description of lepton 
and quark masses and mixings can be achieved with the charge assignment given in Tab. 
|2] 0. Contrary to the SU(5) model different mass scales Ai and A2 are assumed for the 
Yukawa couplings of the Higgs fields Hi and if 2, respectively, 



h 



dij 9dij 



9uij 



(0) 
A, 



h 



h 



9eij 



Qvij 



Xi -\-Xj 



'IT 



(12) 



x a 2 ; J J v A 2/ 

where all are couplings 0(1). The phenomenology of quark and lepton mass matrices 
and a large mixing between and v T can be explained with 

2 -, / / iw 2 



Ai 



1 

16 



A 2 . 



-4 2 



(13) 



Note, that the effective flavor mixing e 1 / 2 
e = 1/17 in the SU(5) model. 



1/2 is much larger than the flavor mixing 





L 3 


L 2 


Ll QL3 Ql2 QlI Qr3 Qr2 QrI 







1 

2 


§ 2 3 1 



Table 2: U(l)p charges for quarks and leptons; G = SU(3)' : 



From Tab. ^| one reads off the structure of the Yukawa matrices, 

-5/2 \ / e 5 e 3 £ 5/2 \ 

e l/2 



e 3 
V e 5/2 



e 3 



f V2 



1 / 



5/2 



e 

e V2 x 



/ g4 ? 3 ^3 \ 

h d ~ e 3 e 2 e 2 , fr u ' 

The corresponding CKM matrix is given by 

/I 



/ e 4 e 3 e 3 
e 3 e 2 e 2 
Ve 1 1 J 



(14) 



£ l/2 £ 3/2 \ 



e l/2 x 

V e 3 / 2 e 



(15) 



/ 



which is also very close to the measured CKM matrix. In this case the smallest factors 
(9(1) are needed for V u b and V ta -, since (Kfcjexp 



~ l e 3/2_ 



2.2 Soft breaking terms from modular invariance 

For a wide class of supergravity models the possibilities of supersymmetry breaking can 
be parametrized by vacuum expectation values of moduli fields T a and the dilaton field 
S [f25|l . The structure of the soft breaking terms is determined by the modular weights 
of the various superfields. An interesting structure arises if the theory possesses both, 
modular invariance and a chiral U(l) symmetry Under the modular transformation, the 
moduli fields T n and the matter field $ transform like 



T a -> (a a T a - ib a )/(ic a T a + d a ) 
& _ (ic a T a + d a ) n ^& , 



(16) 



with a a d a — b a c a = 1 and a a , b a , c a , d a G Z. Here rif 1 is the modular weight of the field $ J 
with respect to the moduli field T a . Consider now superpotential and Kahler potential 
for quark fields, moduli fields and dilaton, 



W 
K 



hatjOiXi + X^QiD^H! 



Ai 



Xi~{-Xj 



+ h ui j9{Xi + Xj)QiUjH 2 



A, 



K (T a ,T a ) - \n(S + S) + n*a* + Kij&& 

a 

\ Xi—Xj 



a?) 

(18) 



(a) 



6{Xi - Xj)I[ta S 



» 



A, 



+^(A,-x,)nc 



(a) 



A, 



+ 



(19) 



Here X{ are the C/(l) f charges of the matter fields $ = Qi, Dj, Ufa, t a = T a + T a , and Ai, 
A 2 , A 3 are three mass scales. Under a modular transformation K transforms as 



Kn 



K + In \ic a T a + d a \ 2 



(20) 



2 ! 

whereas G = K + \n \W\ has to be invariant. This yields a relation between the modular 
weights and the U(l)p charges [13]. One easily verifies that the invariance of G holds for 
arbitrary mass scales Ai, A2 and A3. 

The supersymmetry breaking scalar mass terms are directly related to the charges 
of the corresponding superfields RT3], 



((1 + Bi(e o ))(J - + |X, - XjlCyiGafi*- 



M 



(21) 



where e = (0/A 3 ) and the © a parametrize the direction of the goldstino in moduli space. 
For pure dilaton breaking, i.e. 6 a = 0, one has CV, = and the soft breaking terms are 
flavour diagonal. 

In the 577(5) model, e is the same for all Yukawa couplings, i.e. Ai = A2 = A. Hence, 
for simplicity, we also choose A 3 = A. For the scalar lepton and quark mass matrices one 
then obtains, 



m5 ~ mf ~ 



(I e e\ 

e 1 
Ve IJ 



( 1 



M 



5 2 \ 



1 ) 



M 



(22) 



Note, that the zeros in mf occur since the lepton doublets of the second and the third 
family carry the same \J(1)f charge. 

The scalar mass matrices ( 22) are given in the weak eigenstate basis. In order to 
discuss the radiative transitions /i — > cy, r 7x7, b — + 57, and the mixing parameters 
AMk, AMs d , AMb s , €k, we have to change to a mass eigenstate basis of charged leptons 
and down quarks. The Yukawa matrix h e = can be diagonalized by a bi-unitary 
transformation, Wh e V = h^. To leading order in e the matrices U and V read 



U 



( 



\ 



-ae 
-be 2 



ae be 2 \ 
1 fe 
-ft 1 J 



( 



V 



-a'e 



\ -b'e 



(ca' - sb')e (sa' + cb')e \ 
c s 
— s c ) 



(23) 



where c = cos<^ and s = simp; a, b, a', d depend on the coefficients 0(1) in the Yukawa 
matrices. The scalar mass matrices transform as V*m 2 V, U^m 2 d U. One easily verifies 
that the form of the matrix m 2 is invariant, whereas the matrices mf, m 2 , m 2 become 
after diagonalisation, 



/ 1 



e e \ 
1 1 
1 1/ 



/ 1 



mh ~ 



1 ) 



M 



(24) 



Note, that the zeros of m 2 and m 2 d in eq. fl22|) have disappeared since the diagonal part 
of the matrix is not proportional to the identity matrix; the matrix elements are only 

0(1) (cf. (p). 

To discuss processes involving up quarks, like t —>■ wj, t —>■ c~y or AMp, it is conve- 
nient to diagonalise the up-quark mass matrix. Under this transformation only the form 
of the matrix m 2 is not invariant, and one obtains 



/ 1 



e e 



e 1 e 
V e e 1 J 



(25) 



In the S77(3) 3 model, one has two scales for the Yukawa couplings, Ai and A 2 3> A x . 
Consider first the case A3 = A2, which yields the smaller flavour changing soft breaking 
terms. For the scalar lepton and quark mass matrices one obtains from Tab. ^| and 
eq. (HD, 

/ 1 e 2 

.2 1 



m 2 ~ m 2 ~ m 2 ~ 



2 e 5 / 2 \ 
V e 5 / 2 e 1 / 2 1 / 



M 



m 2 ~ 



/ 1 

e 

U 3 



,-2 



1 / 



M 



f 1 

e 



e 
1 




e \ 


1 / 



M 



(26) 



(27) 



The scalar mass matrices (|26|) are again given in the weak eigenstate basis. The 
transition to the mass eigenstate basis is given by the unitary matrices XJ e ^ and V e ^ 
defined by Jj\ d h e ,dV e ^ = h® d , which are now different for leptons and quarks. To leading 
order in e one obtains 



V, ~ V, 



( 1 ae 2 be b ' 2 \ 

-ae 2 1 ft/ 2 
{ _^ 5 /2 _/ei/2 ! ) 



(28) 



/I 



-a'e 



a'e 



\ -b'e s -f 



1^2 



( 1 (ca — sb)e (sa + cb)e^ 



V,, 



J 



\ 



-ae 



-be 



—s 



) 



(29) 



here c = cosy?, s = simp and a,...b depend on the coefficients 0(1) in the Yukawa 
matrices. The scalar mass matrices transform as V^Jrh 2 ^^ Ul d m 2 d U e) d- The form of 
the matrices mf, m 2 and m 2 are invariant under this transformation. For the other two 
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scalar mass matrices one obtains, 



m 2 , ~ 



I 1 

\e 2 e 2 



(I e e\ 



i 2 



M 



m\ ~ 



1 / 



1 1 

1 1J 



M 



(30) 



The scalar mass matrices in the case A3 = Ai are obtained by replacing in eqs. ( |26| ) e 
by e. The change to a mass eigenstate basis yields essentially again the result (|30|), with 
the only difference that now (jn^) 13 ~ e. 

For processes involving up quarks, like t — > wy, cy or AM^ it is convenient to diag- 
onalise the up quark mass matrix. Since ur and d R belong to the same representation 
Qr the resulting mass matrix can be directly obtained from eq. (|30| ) by substituting 



m„ 



ml and e 



2.3 Radiatively induced soft breaking terms 

In models with gravity mediated supersymmetry breaking one usually assumes at the 
GUT scale universal scalar masses, 

rtv = m 2 = m 2 d = m 2 = m 2 = M 2 1 , (31) 

and cubic scalar couplings proportional to the Yukawa couplings, 

-<4e = h e A , A v = h u A , Ad = h^A, A u = h u A . (32) 

Renormalization effects change these matrices significantly at lower scales. The two main 
effects are a universal change due to gauge interactions and a flavour dependent change 
due to Yukawa interactions. 

For our purposes it is sufficient to treat the effect of Yukawa interactions in the 
leading logarithmic approximation. Integrating the renormalization group equations from 
the GUT scale, and taking the decoupling of heavy fermions at their respective masses 
M k into account, one obtains at scales fi -C M k , 



* -^(3M 2 + A 2 )^ln^^., 

(SKh * ~i^( 3M2 + A2 Kik^^K kj , (33) 

5A dij ~ ~j^A(h u hl) ik \n^j^h dkj , 

5A eij ~ —^—A(h e ht) ik ln-^h vkj . 



Here we have listed only those matrices which have off-diagonal elements in the mass 
eigenstate basis of charged leptons and down quarks. This is not the case for 5m 2 d and 
SA U . 

In the following we shall discuss flavour changing processes to leading order in e. 
We shall not be able to determine factors 0(1). Hence, we will neglect terms ~ lne 2 , 
which reflect the splitting between the heavy neutrino masses, and evaluate \ia(A GUT / M k ) 
for an average right-handed neutrino mass M = 10 12 GeV. This yields the overall factor 
ln(AauT/M) ~ 10. The flavour changing quark matrices are dominated by the top quark 
contribution which gives the factor \b.(Agut/v) ~ 25. 

For G = SU(5), the flavour structure of the scalar mass matrix 5mf is identical to 
the one of the neutrino mass matrix, 

/ e 2 e e \ 

1 A 



1,(3M 2 + A 2 )ln^ 
8tt 2V ; M 



V 

For the left-right scalar lepton mass matrix one obtains 



e 1 1 
ell) 



(34) 



/ e 5 e 4 e 4 \ 



v x 5A 



1 A , h-GUT 

— -Am T in — 
8tt 2 M 



€ € € 

ell) 



(35) 



Similarly, one obtains for the three scalar quark mass matrices, 

^GUT 



(Smjij = 2(5m 



1 



(3M 2 + A ) In ■ 



V 



e 2 \ 
e 

1 J 



(36) 



/ e 7 e 4 e 2 \ 



viSAdij 



3 A , A GUT 
Arrib In 



16tt 2 



e 6 e 3 e 



e 5 e 2 



(37) 



For the symmetry group G = SU(3) 3 , the scalar lepton mass matrices read, 



^(3M 2 + A 2 )ln^ 
8tt 2 V M 



( e 5/2 e 3/2 e 5/4 \ 
e 3/2 e l/2 e l/4 
e 5/4 ,1/4 X 



(38) 



ViSA 



eij 



1 , i h-QUT 

— -Am T m — 
8tt 2 M 



e 4 e 



e e 

,5/4 .1/4 



15/4 ^ 
e 3/4 

1 / 



(39) 
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The corresponding scalar quark mass matrices are given by 

( e 3 e 5/2 e 3/2 \ 



( Sm lh ~ ^(3M 2 + A 2 )ln 



A 



GUT 



e 5 / 2 e 2 e 



e 3 / 2 e 1 J 
( e 2 e e \ 



(40) 



47T 



' (3M 2 + A 2 )ln AGC/r 



e 1 1 



(41) 



V e 1 I) 

I e 5 £ 7/2 e 3/2 \ 



viSA dij 



3 , , J^GUT 

Arrib In 



16tt 2 



£ 9/2 £ 3 e 



V 



,7/2 £ 2 



(42) 



1 / 



In order to simplify the comparison with the SU (5) nodel, all mass matrices have been 
expressed in terms of e (cf. flT3|)). 

Gauge interactions affect all scalar masses universally. For the average scalar quark 
and lepton masses, 



m. 



^2 1. 



d ) 



M, 



6 



Tr ( m, + 



M' = -Tr(mJ+m 2 + 
one obtains at the Fermi scale ji = v |T3[| , 

~ M 2 + 7m 2 , Mf ~ M 2 + 0.3m 2 , 



(43) 



(44) 



where m is the universal gaugino mass at the GUT scale. The corresponding bino, wino 
and gluino masses are given by |]T3 



mi ~ 0.4m , rriu, — 0.8m , rrig ~ 3m . 



(45) 



3 Quark flavour changing processes 

We are now in a position to study specific flavour changing hadronic processes. We shall 
compare the four models with symmetry groups SU(5) <S> U(l)p and SU(3) 3 <g> U(l)p, 
both with either modular invariance (MI) or radiatively induced flavour mixing (RI). 

Given the results of the previous section we can compute the standard model predic- 
tions as well as the magnitude of the additional supersymmetric contributions to leading 
order in e. We approximate the supersymmetric contributions by the gluino exchange 
terms which dominate for most of the parameter space. The flavour changing processes 
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SU(5)®U(1) F 


SM 




MI 




RI 










) 2 (« 2 


fc) 2 








e 4 


e 2 


e 2 


e 4 


e 4 


e io 


AM Bs ,b^ S1 


e 2 


1 


e 2 


e 2 


e 2 


e 4 


AM K 


e 4 


e 2 


e 2 


e 6 


e 8 


e 12 


AM D 


e 5 


e 2 


e 2 


e 6 


£ 10 


e 17 


t — > WJ 


e 6 


e 2 


e 4 


e 4 


e 4 


e 12 


t — > 07 


e 4 


e 2 


e 2 


e 2 


e 2 


e 6 


ST/(3) 3 <g> 


SM 




MI 




RI 












fc) 2 








e 3 


e 


e 2 


e 3 


e 3 


e 4 




e 2 


1 


e 2 


e 2 


e 2 


e 7 


AMjf 


e 4 


e 


e 2 


e 5 


e 7 


e 9 


AM D 


e 5 


e 2 


e 2 


e 5 


e 9 


e 13 


t — > WJ 


e 6 


e 2 


e 4 


e 3 


e 3 


e 11 


t — > 07 


e 4 


1 


e 4 


e 2 


e 2 


e 6 



Table 3: Order of magnitude of flavour changing processes for the groups G = 577(5) 
and G = SU(3) 3 in the standard model (SM) and its supersymmetric extensions, with 
modular invariance (MI) and radiatively induced flavour mixing (RI), respectively. 



depend on the off-diagonal part of the two 6 ® 6 scalar mass matrices which are conve- 
niently written as, 

SMii _ I U LL U LR 



M 2 \ 5 U / L 5 u /r 



(46) 



The electroweak and the supersymmetric contributions have the same order of magni- 
tude, since the Fermi scale v and the supersymmetry breaking scale M are roughly the 
same. Hence, it is useful to compare directly the powers in e of the standard model 
(SM) contributions, given by the CKM matrix, and the supersymmetric contributions, 
determined by the matrices Smn {M, N = 1, 2, 3), respectively. For the various processes, 
the powers of e are given in Tab. |3] for the two groups G = SU(5) and G = SU(3) 3 , 
respectively. 

For completeness we have also listed flavour changing t-decays and AMp where 
the supersymmetric contributions dominate over the standard model terms. At a future 
linear e + e~ collider the transition t — > cy may be observable. 

As one reads off the table, the models with modular invariance appear to yield 
predictions larger than the standard model ones. Since these are in agreement with data, 
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models with modular invaariance are clearly in danger of being ruled out. A detailed 
discussion of several processes will be given in the following subsections. 

In this connection it is important to recall the renormalization of the diagonal part of 
the scalar quark mass matrix which can be quite large for large gaugino masses (cf. flU])), 
as emphasized by Choudhury et al. [29]. 



3.1 The K — K system 

A neutral meson formed by a heavy quark Q and a light quark q, i.e. M = (Qq), can mix 
with the corresponding anti- meson M = (Qq). The strength of the mixing is determined 
by the matrix element of the effective hamiltonian which changes the Q-number by two 
units, 

M 12 = -^(M\H? f Q f =2 \M) . (47) 

The mass difference between the mass eigenstates is given by the real part, AMm — 
2ReM 12 . The imaginary part ImM 12 can be measured in CP- violating decays. For the 



K meson one obtains within the standard model |28|, |29 

AM K = ^VKm K B K f 2 K m 2 w S (x c )\V: d V cs \ 2 . (48) 

Here Gp is the Fermi constant, r\ K = 0(1) is a QCD correction factor, f K is the 
K-decay constant and Bk reflects the matrix element of the 4-fermion operator. For 
x c = ml/mly <C 1 one has S (x x ) ~ 10x c /4. In (^) we have neglected the top-quark 
contributions which turn out not to contribute to leading order in e. 

For comparison with supersymmetric contributions it is convenient to replace Gf 
and mw by the Higgs vacuum expectation value v ~ 174 GeV and by the SU(2) fine 
structure constant a 2 respectively, which yields 

AM K = ^-^V^rriKBKf^KS^Xc) . (49) 

24:71 V 

The CP violation parameter is given by[J23|, ^9] ] 

e i7r/4 

e K = —= ImM 12 (50) 

\lm{V t * d V ts ) [Re(V c * d V cs ) ( Vl S (x c ) - V 3S Q (x c ,x t )) 



247TV 2 ' 



-Re(V; d V ts )rj 2 S (x t )] ^ff^e-/ 4 . (51) 



Again, r/i, r] 2 , r] 3 are the QCD correction factors. 
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From eqs. fl49|) and one easily obtains the leading order in e for AMk and Ek- 
Using S (x c ) ~ S (x c , x t ) ~ e 2 , S (x t ) ~ e° and the CKM matrices flTU| ) and ( ]To] ) for the 
symmetries G = 577(5) and G = SU(3) 3 , respectively, one finds in both cases 

AM K ~ e 4 , e k ~ e 2 . (52) 

This has to be compared with the gluino contributions, for which the effective hamil- 
tonian has been studied in detail by Gabbiani et al. . To estimate the order of magni- 
tude we consider the gluino contribution for the special choice of masses m„ = M. From 



30 one obtains, 



AMK ~ + 

2 r 



5 

+ 



5 V m d + m s 



-100(5 LL ) 12 (5 RR ) 12 
+33 ((5L)?2 + (4l)i 2 ) - 24(^ B ) 12 (^) 12 ] } ' (53) 



Here we have used /e(l) = 1/20 and /e(l) = —1/30, with 



, . . 17 - 9a; - 9x 2 + x 3 + 6(1 + 3x) In x . . 

h{x) = 6(13^ — • (M) 

~ , . 1 + 9x — 9x 2 — x 3 + 6x(l + x) In x . . 

hi-) = ^rr^E > (55) 



where x = rn~/M . The prefactors in eq. (|53D and in the standard model expression are 
of the same order of magnitude, since M ~ v and a 2 ~ a 2 . Hence, the relative magnitude 
of the two contributions is directly given by the powers in e of IV^V^I 2 and the various 
5 j j, I, J = L, R, respectively. From eq. fl53l) and the results given in Sec. 2.2 one obtains 
for the models with modular invariance, 



AMf = { ^ fOT G = SU ^\ (56) 
^ for G = SU{3) 3 



Hence, for both symmetry groups, the supersymmetric contribution appears to be sev- 
eral orders of magnitude larger than the standard model one, which is known to be in 
agreement with observation. 

Does this mean that models with modular invariance are excluded? It may be possible 



to avoid this conlusion by a different assignment of U(l)p charges [2q|. Yet such a choice 
of charges has to be consistent with unification and a large — v T mixing angle. 

However, models with modular invariance can be in agreement with the observed 
mixing if the gaugino masses are sufficiently large |26| . From eq. ( fHf ) one reads 
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off that M 2 /M q < e for m > \p2M. This is sufficient to suppress the s — d mixing below 
the standard model prediction. This requirement leads to an interesting prediction. For 
m > \/2M the scalar quark masses at the Fermi scale are dominated by the radiatively 



induced gluino contribution. From eqs. ( 44j) and fl45|) one then obtains for the ratio of 
average scalar quark and gluino masses, 



Ml 7 



I - n • (57) 



m~ 9 



For radiatively induced flavour mixing the supersymmetric contribution to AMk 
is suppressed with respect to the standard model contribution (cf. Tab. [|). Hence, no 
strong constraint on M 2 can be derived. 



3.2 The B - B system 



The case of the B — B system is very similar to the K — K system. The standard model 
contribution to AM^o is given by 

a 2 1 



AM 



B° 



\V t * d V tb \ m B B B f B 7] B So(xt] 



(5? 



247T V 2 

with i]b = 0.55. The supersymmetric contribution due to gluino exchange is dominated 
by the part, since the (&rl) an d (^lr) terms are suppressed by m|. One then 




200 



650 



1100 



1550 



2000 



Figure 1: Gluino contributions to AM B o for the radiatively induced models. The horizon- 
tal band represents the measured mass difference, and the horizontal dashed lines denote 



upper and lower bound of the SM prediction for J f B B B = 21'bMeV. 
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has pOl , 

AM| = ^m B f B (6 d L L)l3 (4x/ 6 (x) + ll/ B (x)) , (59) 

where x = m'-fM 2 . In Fig. |l]the supersymmetric contributions for the two models with 
radiatively induced flavour mixing are compared with the observed mass difference P7fl 
and the standard model prediction |p8| . In order to determine the uncertainty of the 
supersymmetric contribution one has to vary the various mass parameters in a range 
consistent with present experimental limits. We have chosen nig = 200 . . . 2000 GeV and 
M > rrig/2. Due to the special properties of the functions f 6 and / 6 this is equivalent to 
the entire range of x in (|59"D. To estimate the uncertainty due to the unknown coefficients 
0(1) we have multiplied the upper (lower) bound obtained from eq. ([59]) by 5 (1/5). 

Note, that because of the large uncertainty of Vu the agreement between standard 
model prediction and observation does not impose a significant constraint on the masses 
of scalar quarks and gluino. 



3.3 b 



S7 



The radiative B meson decay is governed by the effective hamiltonian, 



H eS (B^X sl ) 



V2 



8=1 



The dominant operators are O7 and 0' 7 , 

e 



O 



7 



O' 



167T 2 

e 



m b {s- L <v b R ) 
m b {s- R a^b L ) 



(60) 

(61) 
(62) 



7 16tt 2 

where F^ v is the electromagnetic field strength tensor. Note that terms 0(m s ) are ne- 
glected. The other operators contribute mostly through mixing and effect the evolution 
of the Wilson coefficients from n ~ m\y to fi ~ m b . 

The standard model contribution only affects the Wilson coefficient C7, whereas the 
gluino exchange contributes to both Cf and Cf. Hence the branching ratio BK(B — > X^) 
is determined by the parameter 



eff 



C 7 SM + Cf 



+ 



c 9 ' 



(63) 



The SM contribution has been calculated up to next-to-leading order accuracy, yield 
\/27ra 



ing the result (C7 M ) NLO (/i = nib) = —0.305. The gluino contributions are given in [^T[ 



e 9 7 



cf 



1 Nt - 1 1 



3G F V t * s V tb 2N C M 2 
V2na s 1 N 2 - 1 1 



771 - 

(S d RL U-fF 3 (x) + (5t L ) 23 F 4 (x) 

777 ~ 

(S d LR )2 3 ^F 3 (x) + (5 d RR ) 23 F,(x) 



3G F V t * s Vtb 2N C M 2 



m b 



(64) 
(65) 
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m- [GeV] 

Figure 2: Gluino contributions to Cj in the two models with radiatively induced flavour 
mixing. The horizontal dotted lines denote the experimental bounds, the dashed line rep- 
resents the SM contribution. 



where x = m^/M 2 and 



l + 4x-5x 2 + 2x(2 + x)lnx 

rzix) = ; n , (do) 

2(1 -xY 



„ , N 1 - 9x - 9x 2 + 17x 3 - 6x 2 (3 + x)\nx 

F ^ x) = W^f • (67) 

The experimental bounds on the branching ratio, 2.0 • 10 -4 < BR exp (i? — > X s 7) < 
4.5 • 10" 4 [H yield the constraint 0.249 < Cf(B -> X s 7) < 0.374 at leading-log accu- 
racy. In Fig. ^] this is compared with the SM prediction and the absolute value of the 
gluino contributions C7 and Cf . The interference with the SM contribution can not be 
discussed since the quantities Sf L , . . . Sj^ are only known up to terms 0(1). From Tab. || 
it is clear that the two symmetry groups G = 577(5) and G = SU(3) 3 yield similar 
results. As Fig. ^| illustrates, the gluino contributions can be significant for gluino masses 
below 500 GeV. 



3.4 Electric dipole moments 

For comparison and completeness we also recall the theoretical predictions for the electric 
dipole moments in supersymmetric extensions of the standard model ||33|| . A more recent 
thorough discussion has been given in pi] for neutron and electron. One obtains for 
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rrig = M and m~ b = M, respectively, 



<L - .._23 /lOOGeVV A 



2 ' 10 l^^J lOOG^V 8 " 1 "' (68 > 
« /100GeV\ 3 A . . 

110 HH MGeV^- (69) 



where a and 7 are CP violating angles. As an example, for M = A = 100 GeV the 
predictions exceed the experimental upper bounds d^ p /e < 6.3 • 10~ 26 cm [^5f and 
d e e xp /e < 4.3 • 10 -27 cm [36| by almost two orders of magnitude. Hence, either the CP 
violating angles are small due to some approximate symmetry or scalar and gaugino 
masses are in a range which makes the observation of lepton flavour changing transitions 
also difficult. 



4 Lepton flavour changing processes 

Particularly interesting processes are lepton flavour changing transitions, which have al- 



ready been discussed for radiatively induced flavour mixing and G = SU (5) in ref. jl7 
The enhancement of scalar lepton masses at the Fermi scale due to renormalization is 
much smaller than for scalar quark masses (cf. (|44]) ). Hence, lepton flavour changing pro- 



cesses are generically larger than quark flavour changing processes lfL3[| . For large Yukawa 
couplings, branching ratios comparable to present experimental limits are predicted. 

Given the Yukawa matrices and the scalar mass matrices it is straightforward to 
calculate the rates for radiative transitions. The transition amplitude \i — > e^f has the 
form 

= ieu e {p - q)a^q v [(A L ) 12 P L + (A R ) 12 P R ] u^p) , (70) 

where Pl and P R are the projectors on states with left- and right-handed chirality, 
respectively. The corresponding branching ratio is given by 

BR(/i -> ery) = 384vr 3 «^(|(A i ) 12 | 2 + \(A R ) 12 \ 2 ) , (71) 

m 2 

where v = (8G 2 F )-^ 4 ~ 174 GeV is the Higgs vacuum expectation value. Analogously, 
using r T ~ 5(m T /m A1 ) 5 r At , one obtains for the process r — > /ry, 

3847T 3 v 4 

BR(r - py) = —— a ^(\(A L ) 23 \ 2 + \(A R ) 23 \ 2 ) . (72) 



5 m 



The amplitudes Ali 2 ...A R23 have been given explicitly in ref. [ p"7|j . 

The results for \i — > ej and r — > fij are plotted in Figs. |3] and |j. In order to 
determine the uncertainty of the theoretical predictions we again vary the supersymmetry 
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Figure 3: Predicted range for BR(yU — > e7) and BR(r — > 7/7) as function of the bino mass 
for two models with modular invariance based on the symmetry groups G = SU (5) and 
G = SU(3) 3 , respectively. The straight lines represent the experimental bounds 



breaking mass parameters in a range consistent with experimental limits. Following JT7 
we choose for gaugino masses and the average scalar mass m~ b = = 100 . . . 500 GeV, 
M = 100 . . . 500 GeV, A = . . . M, A + /i tan /3 = . . . M. Since we know the transition 
amplitude only up to a factor 0(1), we neglect neutralino and chargino mixings. To 



19 




100 



200 



300 



400 



500 



m. [GeV] 



10" 
10" 
10" 
10" 
f 10" 

t io- 



MA su(5) 
£52 suof 



10" 



10" 
10" 
10" 
10" 




100 



200 



300 

m, [GeV] 



400 



500 



Figure 4: Predicted range for BR(/i — > e7) and BR(r — > fij) as function of the bino mass 
for two models with radiatively induced flavour mixing based on the symmetry groups 
G = SU(5) and G = SU(3) 3 , respectively. The straight lines represent the experimental 
bounds W\l 



estimate these uncertainties we increase the upper bound by a factor of 5 and decrease 
the lower bound by a factor 1/5. 

The branching ratios for [i —> e'y and for r — >• fij are plotted in Figs. |3| for the models 
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with modular invarance. For G = SU(5) the range for BR(fi — > cy) agrees with the result 
in [T7]]. For r — > fi'-f larger branching ratios are obtained since, contrary to |T7[, the most 
general form of mf has been assumed in eq. ([24|). Consistency with the experimental 
upper bound on BR(/i — > ej) yields a lower bound on the bino mass, m~ b > 350 GeV. 
For t — ► jjirf the predicted branching ratio lies below the present experimental bound. 

For the models with radiatively induced flavour mixing and large Yukawa couplings, 
i.e. tan (3 ~ 1/e, both branching ratios are shown in Figs. f|. The results for G = SU(5) are 
identical with the ones obtained in flI7| . The difference between the two cases G = SU(5) 
and G = SU (3) 3 illustrates the dependence on the pattern of family charges and the size 
of the flavour mixing parameter e. The rates are comparable to the present experimental 
upper bound. No model independent lower bound on the bino mass can be obtained. It is 
very interesting that a branching ratio above 10~ 14 is predicted for most of the parameter 
space. This sensitivity is the goal of the recently approved experiment at PSI [j38f] . 

Note, that we have assumed large Yukawa couplings for down quarks and charged 
leptons, i.e. tan/5 ~ 1/e. For small Yukawa couplings, i.e. tan/5 = 0(1), the branching 
ratios are smaller by roughly four orders of magnitude fl?| . For part of the parameter 
space a branching ratio BR([i — > ey) > 10~ 14 is predicted also in this case. 

fi — e conversion provides also a test of models with radiatively induced flavour 
mixing and large Yukawa couplings. Indeed, assuming that the on-shell electromagnetic 



form factors (q 2 = 0) dominate the \x — e conversion processes, one obtains |39 



R = ^ T Tl - ^ , * 5 ■ 10- 3 5i?(/i - e 7 ) . (73) 
a \ji Li — > capture) 

The present experimental upper bound is R < 1.7 • 1CT 12 [0. In the near future, a 
new round at SINDRUM-II is expected to improve the sensitivity by about one order 
of magnitude | i0|| , and the MECO collaboration aims at a sensitivity for R below 10~ 16 
El. 



5 Conclusions 

We have considered flavour changing processes for quarks and leptons. Motivated by the 
present hints pointing beyond the standard model, the unification of gauge couplings 
and the possible smallness of neutrinos masses, we have performed our analysis within 
the framework of supersymmetric unified theories. In addition we have assumed a U(1)f 
family symmetry which can account for the observed hierarchies of quark and lepton 
masses and, in particular, a large — v T mixing angle. Further, two patterns of su- 
persymmetry breaking have been considered, models with modular invariance and the 
standard scenario of universal soft breaking terms at the GUT scale. 
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The models with modular invariance are only consistent with K°—K° mixing, B°—B° 
mixing, b — > 57, etc., if all flavour changing transitions are universally suppressed by the 
large renormalization effects for all scalar quark masses caused by gauge interactions. 
This implies a fixed ratio of scalar quark masses and the gluino mass at the Fermi scale, 
M g /m? ~ 7/9. In addition, the experimental upper bound on BR(/x — > ej) yields a lower 
bound on the bino mass, m~ b > 350 GeV. 

For the models with radiatively induced flavour mixing and large Yukawa couplings, 
i.e. tan/3 ~ 1/e, no constraints on scalar masses and gaugino masses can be derived. 
The predicted branching ratios are comparable to the present experimental upper bound 
on BR(yU — > ej) and an improvement of the experimental sensitivity down to 1CT 14 is 
predicted to yield a positive signal. However, for small Yukawa couplings, i.e. tan f3 = 
0(1), the branching ratios are smaller by roughly four orders of magnitude. 

In summary, the interplay of large — v T mixing, supersymmetry and b — t — r unifi- 
cation, i.e. large tan (3, lead to the prediction of a branching ratio BR([i — >■ cy) > 1CT 14 . 
Hence, the discovery of the transition ji — > may provide the first hint for supersym- 
metry before the start of LHC. 
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